University endowments have attracted considerable recent attention as an important institutional investor class while developing a unique aspect to their investing policies -often referred to as the "endowment model". Our paper develops a formal theoretical endowment model within which to view the consistent application of asset allocation and spending policies. The innovation in this research is that we tie the donations process to the investment performance. An empirical analysis using recent endowment data validates our donations process assumptions. We investigate both substitution and wealth effects and find that conventional predictions can be reversed due to this form of donations endogeneity. Specifically risky asset allocations are higher for endowments with more donations despite the substitution effect and spending rates for smaller endowments are more volatile than for larger endowments due to the wealth effect of endowment size. Looking at empirical data on actual US endowment practices, we find that universities behave as though the substitution effect persists, although the size impact on endowment practices is more in line with our model.
(6) a bias towards illiquid assets and (7) a relatively smooth expenditure policy. We develop in this paper a formal theoretical model within which to investigate optimal endowment policies such as asset allocation, spending and the impact of endowment size. The key innovation of our work is that we consider the impact of a donations process which provides a feedback effect on optimal university endowment management. In other words, the nonendowment income process is not exogenous in our model; instead it is influenced by the investment outcomes. We also test our predictions on actual US university endowment data investigating the relationships between risky asset allocations, investment opportunities, donation impacts and spending levels.
University endowments as well as endowments for many nonprofit foundations and churches have provided valuable support for centuries. Today, a number of institutions with premier reputations such as Harvard, Yale, Stanford, etc. have endowments in the tens of billions of dollars and have enjoyed significant attention and success as an important class of institutional investor.
1 These endowments often provide over 20% of a university's operating budget -sometimes more than tuition fees in the case of private schools. It is frequently stated that the purpose of an endowment is to smooth income flows and provide independence from politically driven funding constraints (e.g., support from state governments). But also endowments can have an important role in university affairs by creating an ownership society in which alumni and other important university constituents maintain a stake in the reputation of a university. The endowment provides a conduit by which donations are encouraged and the base of contributors is broadened. For instance university ranking schemes such as that of US News consider alumni giving as an explicit component of the rating scale employed. It is also common for key donors to be invited to join the governance structure of university endowments such as membership on the investment committee where they take part in decisions regarding investment management and the strategic allocation of funds.
Optimal endowment policy considering donations and stochastic tuition fees was first discussed by Merton (1993) but until recently very little has been done since to investigate these feedback effects within a fully optimal model. In the Merton framework, a university should consider both its endowment as well as nonendowment income. If the nonendowment income is represented by a full set of tradeable assets, then this source of income can be valued using the asset prices and added to obtain a fully inclusive value. Merton then defines both a substitution effect as well as a wealth effect. The former effect results in lower asset allocation to risky assets as a fraction of just the endowment wealth, as long as the nonendowment income is positively correlated with the return to risky assets. This is basically an application of the well-known "hedging demands". The latter (wealth) effect, as defined by Merton results in a higher overall risk exposure. Combining the substitution and wealth effect can result in ambiguous predictions depending on which effect dominates. In terms of testability, however, if one focuses purely on the substitution effect the predictions of this model are therefore that universities with higher donation income have lower risky asset allocations as a percentage of their endowment value. As an example, if a key donor makes gifts that are correlated with stock returns in the pharmaceutical industry, such an endowment might optimally have a short position in pharmaceutical stocks 1 See for instance the influential book of Swensen (2009). according to the Merton model.
In our paper, we investigate both a substitution effect and a wealth effect. However we do not consider only the case where nonendowment income (donations) are represented by complete markets.
Further, we consider income that is nonlinearly related to investment returns, so that income and investment returns are no longer perfect substitutes. Finally, our major innovation is to consider a unique feedback effect between endowment performance and donation income. That is, donation income is assumed to be positively influenced by endowment returns so that the income streams are no longer separable from one another. Moreover we consider the impact not only on asset allocation but university spending as well. We find that there are circumstances where the predictions of the Merton model can be reversed, both in terms of substitution and wealth effects. Our results have important implications for how endowments are managed across the spectrum of universities.
We consider two basic forms of donation policy: (1) donations are positively related with the return to the risky assets that the university invests in, and (2) donations are positively related with the performance as measured by rate of return to the endowment fund itself. We believe these two forms of donation process can be supported by observations from recent university endowment experience.
For instance many endowments hold assets in venture capital funds and private equity of firms run by their alumni -who are also key donors. Our second donations process is motivated by the way in which key donors often influence endowment management decisions by serving on boards of directors. Anecdotal evidence indicates that such donors ask the endowment managers whether they are earning returns equal to or greater than what such wealthy donors can earn on their own investments.
If not, they may suggest that the university is better off letting them defer their donations to a later date, when either endowment management has improved or the private investment opportunities of donors have decreased. Using a six year sample of actual data on donations and endowment returns we find strong empirical support for both of these (nonlinear) donations specifications.
We embed these two forms of donation processes into an intertemporal consumption-portfolio problem with otherwise standard assumptions. Universities are modeled as infinitely lived agents, with recursive utility as pioneered by Epstein and Zin (1989) . They derive all of their utility from a stream of spending inflows to the budget from the endowment appreciation. Investment opportunities are represented by a single risky asset and a nonstochastic riskfree asset. The risky asset has a risk premium which is time-varying and follows the structure of the AR(1) process assumed in Campbell and Viceira (1999) . Our important results are obtained in comparison to the model of Campbell and Viceira (1999) where donations are fixed at zero. We identify, as did Merton (1993) , the existence of a perfect substitution effect when donations are perfectly correlated with risky asset returns. This result extends to the case where overall endowment returns are perfectly correlated with donations. We find that donations have no effect on the spending rate out of endowment value, however. This is because although donations increase endowment wealth, spending increases proportionately, so that the stochastic growth rate of both spending and endowment wealth is the same as without donations.
We then go on to extend the analytic results of linear donation flows by considering a case where donations are related to the positive part of the rate of return process for both the risky asset as well as the overall endowment return. This implies that the university has a nonlinear option-type donations process which generates some nonlinearity in the asset allocation as a function of investment opportunities. Both of these donation processes have important implications for the consumption to wealth ratio as a function of investment opportunities. When investment opportunities are poor (e.g., after
an unusually high appreciation of the market returns), the rate of consumption is a higher percentage of wealth than in the case without donations. On the other hand, when investment opportunities are good the rate of spending to the value of the endowment increases, but less so than in the case without donations. In fact, it converges to the no-donations case. The result of both of these donations processes is that there is significantly less intertemporal variation of the spending to value ratio with donations as compared to the situation without donations. This can therefore account for some of the observed behavior whereby universities do not vary their spending in one-to-one relation with the endowment value -a result at variance with the original Merton (1971) myopic solution.
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Our model is then extended to consider the impacts of endowment size. We do this by modifying the assumption that donation inflows depend on net endowment size, i.e., after spending is deducted, and instead depend on the beginning-of-period endowment value. As before donations are related to rates of return on the risky asset or the overall endowment when this is positive. This provides a motive for smaller endowments to grow the size of their endowments in order to achieve even higher donations in the future. We now find some important impacts from this wealth effect, in addition to the substitution effect mentioned earlier. First of all, the asset allocation relation to investment opportunities now becomes convex. This convexity effect is more pronounced for the case where donations are related to the overall endowment returns. It implies that now the asset allocation towards risky assets is higher than in the case without donations, especially for good but also as well for low investment opportunity situations. This asset allocation convexity effect for high investment opportunities is negatively related to endowment size, i.e., smaller endowments have a tendency toward going for higher risky asset allocations in order to gain future donations inflows than do larger endowments. We also find that the minimum consumption to wealth ratio is not constant as in the case without donations, but increases with the size of the endowment -implying a justification for higher spending patterns observed by universities with large endowments.
We also bring our predictions to the data. We find some support for the predictions of our optimal model; endowments do associate their asset allocations toward risk when investment opportunities are more favorable. There does appear to be a substitution effect based on our model of intensity of the donations feedback effect on average. There is a strong size effect in the data, exemplified as a higher propensity to take risks, while the spending rate out of endowment wealth is lower but more variable for larger endowments. When we perform a multivariate analysis, we find that asset allocation practices of endowments are determined mostly by investment opportunities and size. Spending rates are again strongly related to size and investment opportunities through asset allocations. The level of donations also comes through as intensity of donations ameliorates any reductions in spending to some extent.
While our paper is not the first to consider an auxiliary source of income in a consumption/portfolio problem, it is the first to model an explicit relationship between investment performance and auxiliary income (donations). For instance in Benzoni, Collin-Dufresne, and Goldstein (2007) cointegrated labor income is considered in a finite horizon problem. The purpose there is to support existing observations whereby agents utilize an inverse U-shaped risky asset holding patterns throughout their lifetime. By contrast in our model the growth in the university endowment due to higher returns drives a higher magnitude of the donations process, and this effect needs to be accounted for in the asset allocation optimization.
Another paper which includes endogenous donations is that of Gilbert and Hrdlicka (2014) . In their model, a university holds social assets and financial assets. The university can shift resources between these two forms of asset holdings. When donations are related to the university's investment in social assets and the university trustees maximize social dividends produced by social assets, then endowments are small and only those universities with unproductive social returns hold large endowments.
Moreover endowments are often achieving only riskless returns because of precautionary motives. By contrast in our model, we are able to accommodate large holdings of risky assets alongside risky donations even with more conventional preferences, because donations are tied to endowment returns.
We also focus more on the optimal spending paths.
It is clear also that our positive dependent donations process corresponds to the literature on mutual fund inflows chasing performance and on the mutual fund tournament effect (Chevalier and Ellison, 1997) and (Sirri and Tufano, 1998) . Nevertheless, what is different in our model as compared to mutual funds is the endogenous need for spending, and for the size dependence. Although there is limited empirical evidence on donations and performance, Oster (2001) reports that in 1998 80% of overall endowment donations were provided by 10% of all donors. In her model, Oster (2001) considers altruistic motives since donors derive utility from private consumption, the donation itself and public goods provided by the university. She suggests that very large donors derive more utility from donations themselves (sometimes referred to as a warm glow effect) than from the provisions of public goods. Dimmock (2012) investigates background risk -defined as volatility of nonendowment income. He finds a negative dependence between higher volatility nonendowment income and allocations to risky assets. This is potentially consistent with Merton's substitution hypothesis, although the necessary correlation structure is not tested. Blanchett (2014) Satchell and Thorp (2007) and Satchell, Thorp, and Williams (2012) analyze endowment spending with recursive utility and non-normal return distributions. They find the elasticity of intertemporal substitution to be the main factor determining optimal spending policies. However their papers assume donations are unrelated to the optimal university endowment management policies and therefore are unable to ascertain the kind of feedback effects in our paper. Brown and Tiu (2012) report that many endowments change their spending policy frequently and that changes in spending policy often lead to subsequent changes in asset allocation. For a comprehensive survey of the entire academic research on university endowments, see Cejnek, Franz, Randl, and Stoughton (2014) .
The remainder of this paper is organized as follows: Section 2 presents the model specification and results for the case without an endowment size effect. We also we present empirical support for our donations model. Section 3 extends our results to the case where endowments have an additional need to grow over time. Section 4 investigate our predictions on a sample of recent annual disaggregated endowment data. Section 5 presents an illustration by backtesting our model on a typical university endowment process. Section 6 concludes the paper.
Model Specification
This section introduces our model for dynamic consumption and investment decisions taking into account donation inflows. We model a university as an infinitely lived agent which derives utility from contributions to the operating budget. Utilizing a standard utility maximizing framework over consumption flows in an infinite horizon gives the interpretation of consumption as synonymous with spending.
The university derives its endowment from both returns on its investment portfolio as well as donations. For simplicity assume that there are two assets in which the endowment can be invested.
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The risky asset has gross returns R 1,t +1 from time period t to t + 1. The riskfree asset has gross returns R f over the same period. The riskfree rate is assumed to be nonstochastic over time. The endowment accumulation process is therefore given by
where C t is spending at time t , W t is the value of the endowment at time t , α t represents the asset allocation to the risky asset as a percentage of beginning of period endowment wealth and D t +1 are donations to the endowment over the period from time t to t + 1. We consider a number of different specifications for the donations process, D t .
For purposes of computation it is helpful to define the total endowment gross return process, consisting of both investment and donations:
Note that as long as donations are positive, this overstates the usual return to the investment portfolio.
The investment returns are given by
The university maximizes its intertemporal utility by choosing optimal consumption and allocation to the risky asset as given by the following recursive utility function:
where δ is the time discount factor, the coefficient of relative risk aversion is ρ, ψ is the coefficient of intertemporal elasticity of substitution, and
Kreps-Porteus preferences and is an analytically tractable form of preference aggregation. These preferences were first employed by Epstein and Zin (1989) and Weil (1990) , and have been used by many authors since. It is more general than the usual Von Neumann Morgenstern time additive utility because it separates the risk tolerance from the intertemporal elasticity of substitution. In the asset pricing literature this specification along with market clearing of a representative investor gives an asset pricing model in which both consumption growth rates as well as market returns are used in deriving risk premia.
Since one purpose of our model is to capture stochastic investment opportunities we also employ the well-known asset return structure of Campbell and Viceira (1999) . This involves the assumption that conditional risk premia of natural logarithm of risky asset returns, r 1,t follow a mean-reverting AR(1) process 4 :
where x t is assumed to be an observable process following the structure below:
The residual of this process, η t +1 ∼ N (0, σ 2 η ), is normally distributed. The log returns process can therefore be written as
where the unexpected return u t is also normally distributed,u t +1 ∼ N (0, σ 2 u ), and is correlated with the residual term in the AR(1) process of expected returns; cov(u t +1 , η t +1 ) = σ uη . In that respect, suppose first that the donations process follows
Donations Process
for some (strictly positive) coefficient d . This process embodies two assumptions. First, donations flows are perfectly correlated with returns to risky assets. Second, donations are positively impacted by (beginning of period) endowment magnitude net of spending. We believe this form of positive correlation between donation inflows and contemporaneous capital market returns to be realistic, which stands in contrast to the setup of Satchell and Thorp (2007) and Satchell, Thorp, and Williams (2012) , who assume zero correlation between donations and returns. Somewhat more controversially, this process assumes that greater spending, cet par reduces donation flows. That is, the positive feedback effect on donations through investment performance is only through the financial aspect and not through spending activities. The specification of equation (8) has the additional unattractive feature that donations are negative when the risky asset underperforms the riskfree asset. Despite these deficiencies -which we address in further generalizations later -this formulation does allow for an easy analytic derivation of the substitution effect.
Second, let us consider a donations process that is perfectly correlated with the optimal endowment portfolio return. We assume that
This donation process depends on the realized returns of the optimal investment portfolio. So long as the optimal portfolio outperforms the riskfree asset, one sees positive donation flows. This form of donations process can be justified by the fact that major donors to universities are often present on endowment boards -indeed on the investment committee. This gives them both influence over how the endowment is invested, but also facilitates their interest in donating additional funds. Equation (9) can be regarded as an equilibrium condition in that if endowment returns underperform, donors have incentives to defer donations, if endowment returns outperform, donors are more willing to accelerate donations.
For both donations processes, equations (8) and (9), it is helpful at this point to describe the necessary conditions for the overall problem. First, we show in Appendix A that when the donations process is measurable in the rate of returns process, the value function,
homogeneous of degree 1 in W t . It then follows (Epstein and Zin, 1991) that the value function can be expressed as
Substituting this back into (4) then gives the following two necessary conditions (stochastic Euler equations):
and
The most important aspect of these two equations to note is that the effective stochastic discount factor involves the growth rate in consumption multiplied by the gross return on total wealth accumulation -not just the total investment return.
Using the optimal characterization of the consumption portfolio problem, we can now precisely specify the impact of donations in the form of the following proposition. (8) is given by
and the allocation when donations depend on the optimized portfolio return, equation (9) is given by
Further, in both cases, the ratio of consumption to wealth with donations is exactly equal to the ratio of consumption to wealth without donations.
Proof. Substituting equation (8) into equation (1) gives the following endowment accumulation process:
The standard consumption portfolio problem consists of problem (4) subject to equation (15) with d = 0. Hence our first donations process leads to a problem which is isomorphic to the standard problem.
If α 0 is the solution to the problem with zero donations, it then follows from the optimality condition Similarly, substituting equation (9) into equation (1) now gives the following endowment accumulation process for the second donations process:
Analogously, α 0 represents the solution in the absence of donations (d = 0), then setting (1+d )α t = α 0 ,
Therefore for both donations processes, the wealth accumulation process as a function of α 0 , W t , and C t is identical with the case without donations. In fact we can write the gross rate of return as
Substituting this into the Euler condition equation (11), therefore implies that the distribution of C t +1 /C t is identical with the case without donations. Hence the ratio of consumption to wealth is also identical.
Proposition 1 shows that a substitution effect is manifest in asset allocation, but not in the consumption/wealth ratio. Basically the exposure to the risky asset as a percentage of endowment value is reduced percent for percent by the donations inflows in the case of equation (8) and is contracted by an identical factor in the case of equation (9). These results are due to the strong assumption of perfect correlation, which we generalize below. In the case of endowment spending, it is worth pointing out that with donations, wealth increases at a faster rate. But spending also increases at the same faster rate, so that the ratio of one to the other is identical to that without donations.
Positive Donation Flows
It is apparent that while the assumed donation processes of (8) and (9) make it easy to compare the situation with and without donation flows, and thereby to derive the precise substitution effect, it has the disadvantage that one does not expect donations to be perfectly correlated with risky asset returns or endowment returns and further donations are never negative in reality. Hence we now consider the positive part of the previous donation flows. In these cases, we will have to resort to numerical solutions since the substitution effect cannot be derived analytically and varies with investment opportunities.
Analogous to equation (8), suppose that the donations process follows
for some random variation,
It is apparent that in this case even if R 1,t +1 is lognormally distributed, the positive part of the excess return, as in any call option, is not lognormally distributed.
Therefore the approximate solution method of Campbell and Viceira (1999) does not work.
Interestingly, however, the value function is still homogeneous of degree 1 in endowment value, W t .
This means that the value function still satisfies (10) and the stochastic Euler conditions are as before embodied in equations (11) and (12). See Appendix A for the verification of this property.
Our second positive donations process assumes, analogous to (17) that the donations are positively related to the excess returns on the investment portfolio, as long as they are positive, namely
Both of the processes in equations (17) and (18) imply that the policy variables will be independent of wealth. Hence there is no wealth effect. To capture more generality we also consider two more donations processes.
Now donations are modeled as directly related to rates of returns on the risky asset without considering the prior periods spending policy. This gives an indirect greater weight to size, as the donations inflows are not reduced by higher spending policies. Thus, our perspective now has shifted to indicate that spending not only benefits the university in terms of consumption, but it also enhances reputation which improves donation inflows. We again include the additional noise term, ε, to model an imperfect correlation between donations and the risky rate of return.
Analogous to equation (18) we also consider the related donations process which is a positive function of the rate of return to the optimized investment portfolio instead of just the risky asset. This process is:
Once again donations are imperfectly correlated because of the exogenous noise.
Empirical Support
In order to support our assumed donations processes, we employ a representative sample of US university endowments that report annual returns, endowment size, spending levels and donation inflows to NACUBO from 2008 to 2013.
5
We have direct evidence on each university's endowment returns, R p ,t +1 . In order to obtain a proxy for each endowment risky asset returns process, R 1,t +1 , we use data on actual endowment asset allocations. NACUBO reports actual allocations to 12 asset classes for all individual endowments each year: domestic equities, fixed income, international equities, real estate, venture capital, private equity, managed futures, marketable alternative strategies, distressed debt, other alternative strategies and short-term assets/cash. We approximate appropriate risky asset returns using only two benchmark returns, which are total returns on US stocks (S&P 500 Index) and US long-term bonds (Barclays US Treasury 7-10 Year Index). We multiply those benchmark returns with the corresponding asset allocation weights, aggregating together domestic equities, international equities, alternatives, distressed debt, real estate, venture capital, private equity, managed futures, in the risky class and everything else (fixed income and short term/cash) as a riskless class. This ensures that our risky asset return proxies exhibit some heterogeneity across endowments, reflecting varying policy portfolios in the cross section of endowments, while they are distinct from the actual endowment returns.
We test eight donations specification processes. The first four are based on a linear relationship.
First, we use two linear specifications corresponding to equations (17) and (18):
Here donations are divided by net endowment size (after spending). This specification is homogeneous with respect to wealth. Second, we employ two specifications with a wealth effect from equations (19) and (20):
We report the results for the full regressions in panel A of table 1. However, a linear regression using the full data sample (including negative return observations and corresponding donations data) does not capture the non-linear nature of the donations processes used throughout our theoretical model.
This can easily be shown as follows: To test for the appropriate way of revealing the true coefficient d , we simulate normally distributed return observations and corresponding donations data according to equation 17 for a coefficient d equal to 0.2. Then we regress the simulated donations data on the randomly generated returns data to get an estimate of the coefficent d . Using a simple linear regression (without intercept) on a simulated data sampel yields an estimate of about 0.13. Hence the estimate is biased. Alternatiavely, to capture the nonlinear relation in equations (17) and (18) we condition the data set as follows: We use only positive observations of net returns and corresponding information
. This conditioning enables us to investigate the relation of returns and donations for the positive part, leaving aside the negative part where donations are assumed to be zero.
Applying this conditioning to the simulated data returns a coefficient of 0.2, which is the true coefficent of the donation generating process. Thus, we focus on the conditioned regressions for our empirical investigations, since it achieves an unbiased estimate.
The remaining four specifications are therefore based on the conditioning analysis, both for homogeneous and non-homogeneous cases. show results for the regressions using the full data set, including negative returns. Panel B reports results for the data set conditioned on positive returns only. The first two columns of each panel correspond to the homogeneous linear specification. The last two columns of each panel correspond to the specifications without wealth homogeneity (with wealth effect). We implement the analyses as pooled regressions by aggregating data on all individual endowments which reported returns consistently over our sample from 2008 to 2013. Significance at the 1% confidence level is indicated by ***.
Simulations
Since the purpose of our model is to describe the optimal process of asset allocation and spending for an integrated donations process with time varying investment opportunities, we now employ the well-known model of Campbell and Viceira (1999) in a numerical optimization routine.
Campbell and Viceira (1999) assume that asset allocations are a linear function of the risk premium process, x t given by equation (6) and that the logarithm of the consumption to wealth ratio, c t − w t is a quadratic function of x t . This is based first on the homogeneity of the value function with respect to W t , and also a log-linearization of the Euler conditions. That is
where the coefficients a 0 , a 1 , b 0 , b 1 , b 2 are derived from the primary preference and return parameters through the method of undetermined coefficients. Although this is only an approximate solution method, it is fairly accurate for the vast majority of most x t values in the distribution. We compare this approximate solution method against a numerical optimization procedure in order to calibrate our model.
Using dynamic programming methods as discussed in Rust (1996) , we optimize the following Bellman equation:
where
The optimization is performed subject to the accumulation equations (15) and (16) as well as the constraint that the endowment never goes below zero, subject to W t ≥ 0 ∀t .
The value function J (·) is a fixed point to this functional Bellman equation and depends on a single state variable, expected risk premia x t . In order to solve the Bellman equation (23) numerically we discretize over x t using 50 equally spaced grid points for x t . Subsequently, the value function is fitted by using cubic spline approximations. We maximize the value function in each iteration over the control variables C t /W t and α t using a BFGS optimization (BFGS is a quasi-Newton method named after Broyden, Fletcher, Goldfarb and Shanno). In each iteration the spline parameters of the previous iteration are used to find the maximum of the value function, which is then used again to update the spline parameters. We calculate the norm between one iteration and the previous one, both in terms of the optimized level of the value function as well as of the optimal level of consumption, to judge whether convergence has been achieved. If the norm increases in any iteration from the previous iteration, the spline parameters are not updated, which increases the stability of the value function convergence. After reaching a sufficient level of convergence the value function can be applied to investigate optimal consumption and portfolio decisions for a given set of parameters ρ, ψ and d . Campbell and Viceira (1996) . Table 2 provides the set of parameters used in our numerical optimization routine. Most of the parameter values remain fixed throughout the analysis. Risk aversion, the elasticity of intertemporal substitution and the relative donation inflows (d ) are varied, though. The fixed parameters are taken from Campbell and Viceira (1996) , where they are empirically estimated with 100 years of data. (In the empirical specification of Campbell and Viceira (1996) , the price-to-dividend ratio served as a proxy for the expected risk premium.) Our relative donation parameters are close to our estimated values from the actual US endowment data.
Before we proceed to our main results, we first verified that our model replicates the essential results of Campbell and Viceira (1999) for a case with no donations. The formal results appear in Appendix B.
Because the Campbell and Viceira (1999) model is only an approximation, we confirm that there is a small amount of nonlinearity in the asset allocation function. The slope of the optimal asset allocation function is slightly greater than the approximate solution. As far as the consumption-wealth ratio is concerned, here again there is a small amount discrepancy, as the approximate solution slightly understates consumption in relation to wealth for small values of x while overstating the precise solution for very high values. Nevertheless the differences are small in economic terms.
Optimal Policies for Positive Endowment Flows
We now illustrate the solution for positive donation inflows, according to equations (17) and (18). By contrast to the analytical results and the results assuming a linear-quadratic approximation, we now find that the substitution effect is not uniform across all investment opportunities arising from the state variable, x .
Our numerical routine now relies on a simulation approach. We first generate a sample of 500 return paths with 50 observations each. As the expected return component of the risky asset depends on an autoregressive process (x ) we remove the first 20 return observations for each path. With the remaining 30 return observations we then generate 500 wealth, consumption and donation paths which we now evaluate. Conditional moments for the return process are derived in Appendix C.
For the purposes of illustration consider the donation flows related to the net return on the risky asset. Figure 1 represents the solution to the asset allocation policies in this case. The Campbell-Viceira asset allocation in black is linear and lies everywhere above the exact solution to the positive donation problem which is in yellow. The substitution effect is evident for most values of x , since asset allocations are reduced compared to the case without donations inflows. Only at the lower endpoint where investment opportunities are poor and one does not expect any donations therefore do the solutions correspond. Figure 2 illustrates the form of the relation of optimal spending to wealth in this case. It is obvious that for very poor investment opportunities consumption increases relative to the endowment value, while for very good investment opportunities the spending rate is closer to the solution without donations. This can be understood when one considers that (due to the mean reverting risk premium process) when opportunities are bad, it is likely that investment returns will have been good. As a result, wealth is high and donations are positive so that a large fraction is spent out of the endowment.
On the other hand when investment opportunities are good, it is likely that the endowment has just had a bad year. Then donations are nonexistent and spending rates converge to the Campbell-Viceira solution without donations. Table 2 . The Campbell-Viceira solution without donations is represented in black while the yellow points represent the optimal asset allocation of the donation solution.
Figure 2: Consumption-Wealth Ratio from Risky Asset Donations This chart plots the optimal log consumption-wealth ratio given by numerical simulations using the assumption that relative risk aversion ρ = 4 and the elasticity of intertemporal substitution ψ = 0.1. Donations are assumed to be d = 0.2 and the other parameters are as in Table 2 . The Campbell-Viceira solution without donations is represented in black while the yellow points represent the optimal log consumption wealth ratio of the donation solution.
Next consider the impact of endogenous donations that depend on the excess return of the entire endowment portfolio as opposed to just the risky asset return. Figure 3 illustrates the solution. Now there is barely any substitution effect at all, except at the lower endpoint. There is still a possibility to get positive donation inflows because of the investment in the riskfree asset in this case. This is reflective of a positive feedback effect whereby investing more in the risky asset, especially when investment opportunities are good implies a higher probability of positive donation inflows. Figure 4 shows the corresponding consumption to wealth ratio for these optimal policies, again as a function of investment opportunities. As is apparent once more, the variation in consumption to wealth is significantly lower than it is without donations. In fact this relationship appears to be almost identical with the case where donations are related solely to the risky asset return. This results from the optimality of the asset allocation adjustments, as the future wealth distributions are almost identical in the two cases; hence consumption policies are similar. Table 2 . The Campbell-Viceira solution without donations is represented in black while the yellow points represent the optimal asset allocation of the donation solution.
Figure 4: Consumption-Wealth Ratio from Donations Related to Optimal Portfolio
This chart plots the optimal log consumption-wealth ratio given by numerical simulations using the assumption that relative risk aversion ρ = 4 and the elasticity of intertemporal substitution ψ = 0.1. Donations are assumed to be d = 0.2 and the other parameters are as in Table 2 . The Campbell-Viceira solution without donations is represented in black while the yellow points represent the optimal log consumption wealth ratio of the donation solution.
Endowment Size Effect
Having extensively considered the impact of endogenous donations when the system is homogeneous of degree 1 in endowment size, we now extend our model to a situation where size matters. We utilize the two donations specifications tested earlier: equations (19) and (20).
As with the homogeneous case, dynamic programming is used to solve for the optimal policy functions. Now the value function, V (x t , W t ), has two dimensions. A two-dimensional grid is built over W t and x t , discretized using 20 equally spaced points for x t and 10 equally spaced points for W t . The value function is fitted by using two-dimensional (thin-plate) spline approximations. As before we iterate over the value function until essentially finding a fixed point in the functional space, at which point the optimal consumption and portfolio decisions can be computed. Once the solution is fixed, the results are then illustrated via Monte Carlo methods -sampling over random return and noise parameter processes. Parameters are as before in Table 2 .
For the base case, Figure 5 illustrates the optimal allocation to risky assets and the log consumption-to-wealth ratio in terms of expected risk premia. d is set to 0.2. The black lines in this figure represent the solutions for the Campbell and Viceira (1999) framework with additional donation inflows. This result is obtained by applying the optimal CV policy functions to simulated paths of the state variable x t .
We simulate 500 paths, each with 30 years of annual data for expected risk premia. Note that each period the university receives donation inflows according to equation (19) . The CV solution assumes that the university does not anticipate these inflows and, hence, does not incorporate donations into his multi-period utility maximization. In contrast, the colored points depict optimal values for the control variables in our model setup. The colors are stratified by wealth levels. As wealth increases, the color goes from bright red towards dark blue. These points illustrate the numerically optimized portfolio and consumption decisions for an endowment that is aware of the underlying donation process and consequently takes anticipated donation into account for the utility maximization. The results in Figure 5 are based on the donation process in equation (19), thus donations are procyclical with respect to capital market returns. Both, positive endowment returns and positive donations lead to higher endowment wealth and enable higher levels of consumption. Since returns and donations are positively correlated in our model, universities implicitly have higher exposure to risky assets. As a consequence, endowments allocate less to risky assets than they would if they didn't anticipate the underlying process for donation inflows. Table 3 shows that the magnitude of this substitution effect is about 13 percentage points on average. However, α is not linear in expected risk premia in our model, as can be seen from the left graph in Figure 5 . As with the wealth-independent case, we observe a substitution effect for most values of x . However, we observe an important deviation at the top end, i.e., when investment opportunities are good. Now we actually observe high allocations to the risky asset. The reason for this is that donations are always non-negative in this form of the donations process. Thus, donations can be interpreted as an option for the university. If returns turn out to be positive high donation inflows amplify the utility gain for the university, while they do not exacerbate losses if returns are indeed negative. The cost of this "option" is a greater loss in unlikely adverse scenarios as compared to an agent allocating assets according to the CV solution (black line).
If risk premia are high enough, the probability of such adverse scenarios becomes marginally low and so the "option" gets very cheap so that rational endowments allocate substantially more into stocks than agents following the CV solution. It is not surprising that the spending rate (the log consumption-to-wealth ratio depicted in the right hand graph of Figure 5 ) is higher in our setup than in the CV world where donation inflows are unanticipated and the underlying donation process is not revealed to the representative agent. For larger endowments (depicted in blue), the log consumption-to-wealth ratio has less curvature with respect to x than in the CV case. However for small endowments there is greater variation. When investment opportunities are great small endowments spend relatively more than large endowments. This can be justified by a substantially higher allocation to the risky asset in this case. Since the difference in the allocation between small and large endowments is greater than the difference in the spending rate, small endowments accumulate wealth at a faster rate but at the same time reduce the gap in dollar spending relative to large endowments. returns will ultimately have negative realizations. In this case donations will be zero and utility will be low. This is why endowments are more conservative in shorting the market in our model setup than in the CV setup. For large expected risk premia, the same rationale applies as in Figure 5 , since positive donations are very likely in both cases.
The size effect for high values of x is comparable to the case when donations depend on the risky asset return. However, for medium-range values of x large endowments tend to allocate systematically more to the risky asset than small endowments. Furthermore, the allocation of small endowments is more convex at the lower end in this case, thus small endowments are less aggressive in shorting the market.
The log consumption-to-wealth ratio is again more convex, as a function of x , for small endowments than for large endowments. This is even more the case than for risky asset donations. The finding that small endowments try to accumulate wealth more quickly in good states of the world is still true if donations are endogenous in endowment returns. However, spending rates of small endowments appear systematically lower even for low and medium-range values of x . A comparison of summary statistics is provided in Table 3 . We see here that for both donations processes, the asset allocation to risky assets is lower with positive donations, at the median value of x . However consumption to wealth is significantly higher. For extreme low investment opportunities, the asset allocation remains below (short) the CV solution for the case with donations related to risky returns, while it is less short for the portfolio donations process. For high values of x , both donations processes produce high risky asset allocations compared to CV and also very high spending levels in comparison, with the effect being greater in the case with donations related to overall portfolio rates of return.
To further illustrate the effect of endowment size it is interesting to plot the log consumption-towealth ratio as a function of wealth. The result is seen in Figure 7 . The left hand graphs represent the CV solution, while the right hand graphs provide the results of our model. The top panel assumes donations to depend on the return of the risky asset, whereas the bottom panel assumes donations to be procyclical with respect to endowment returns. Figure 7 reveals that the CV solution yields a minimum spending rate which is independent of wealth. By contrast, this minimum spending rate increases in wealth in our framework. This is especially true for the donation process that is related to endowment returns. The figure suggests that very small endowments tend to sacrifice consumption in order to grow endowment assets faster and achieve higher consumption in absolute terms later. For medium to large-sized endowments the minimum spending rate is more or less constant again. The reason for the greater dependence on the level of wealth in the bottom panel might be that donations can be increased through superior asset management even in adverse capital market scenarios. That is, given that the asset allocation is chosen appropriately, there are more scenarios where donation inflows are positive if the donation process depends on the endowment return. Thus, it is even more attractive to sacrifice current consumption to grow assets faster as the fraction of donations d will be applied to a larger wealth level later due to more accumulated donations. This in turn enables much higher dollar levels of spending in the future.
To summarize our findings on the wealth effect larger endowments have a larger exposure in the risky asset when donations depend on endowment returns. This confirms earlier findings in the literature. However, for exceptionally good investment opportunities small endowments tend to allocate more into the risky asset. Moreover, small endowments spend relatively less as a fraction of wealth in most states of the world. These two effects imply that small endowments try to accumulate wealth more quickly than large endowments.
Analyzing the log consumption-to-wealth ratio as a function of log wealth for various sets of parameters, we find that the wealth dependence increases with higher elasticity of intertemporal substitution.
In contrast, wealth dependence of optimal spending rates tends to decrease with higher risk aversion.
If ψ increases above one the minimum spending rate shown in Figure 7 turns to a wealth dependent maximum spending rate. These findings can be interpreted as follows: The more willing an endowment is to shift consumption through time depending on the prevailing investment opportunities and the more willing to tolerate risk the endowment is, the more wealth dependent is the optimal spending rate.
Finally, Tables 4 and 5 provide summary statistics for various levels of ρ and ψ. Consistent with
Campbell and Viceira (1999) we find that on average the optimal allocation to stocks is inversely related to risk aversion. Varying ψ has only minor effects on the amount allocated to risky assets, ψ and α tend to be negatively related, though. The curvature of α t as a function of x t is negatively related to the level of risk aversion, as can be seen from the spread between the first quartile and the third quartile in Table   4 . That means that the higher the risk aversion the less aggressive the endowment gets in its allocation decision. Thus, the divergence from the original CV results due to the introduction of endogenous donations is especially large for endowments with low risk aversion. Moreover, comparing the top and the bottom panel of Table 4 reveals that average allocations to stocks are higher if donations depend on endowment returns instead of risky asset returns. This confirms the findings on the substitution effect elaborated on above.
For the log consumption-to-wealth ratio the influence of ψ is more pronounced. Average spending rates tend to be negatively related to the level of intertemporal elasticity of substitution if ψ is below one, which seems to be a plausible assumption for endowments. The curvature of optimal spending rates as a function of x t also depends on the level of the intertemporal elasticity of substitution The curvature of this function decreases in ψ, which means that spending rates are more sticky with respect to expected risk premia if the intertemporal elasticity of substitution is higher. Note, however, that high expected risk premia usually follow drawdowns in the endowment value. Thus, sticky spending rates correspond to highly fluctuating absolute consumption. 
Tests
This section employs actual time series and cross-sectional data on endowment returns, risky asset returns, endowment spending, asset allocation and donations to investigate the empirical predictions of our integrated model. The university endowment data data are as before from NACUBO/Commonfund.
The data are from the time period 2006 to 2013, however, for those models where we need dollar levels of spending or donations we use data from 2009 to 2013 since these data series are unavailable beforehand.
Investment Opportunities
Our theory predicts that the allocation to risky assets should be monotonically increasing in a state variable representing investment opportunities. Although this is not our main hypothesis, it does represent a basic diagnostic test to see whether our data and the way in which it is aggregated is a reasonable implementation of the model. Therefore we estimate a regression in the following linear specification:
where investment opportunities, x i t , are possibly specific to endowment i at time t .
Recall that asset allocations are delineated in 12 different categories. Since our model features only a single risky asset, we aggregate the actual allocations to domestic equities, international equities and private equity as well as fixed income to calculate the fraction of assets that are invested in risky assets for each endowment in each year. We also need a measure of investment opportunities. For each endowment, i , we compute the time series average of asset allocations in each category. We define this to be the "strategic policy" weights. We use these policy weights to compute a weighted average dividend yield plus share repurchase yield for the domestic equity class, the S&P 500, the dividend and repurchase yields for international equities as proxied by the Eurostoxx, Nikkei and FTSE. Investment opportunities in the case of fixed icome are represented as the spread between Baa and Aaa rated corporate bonds. We then use the policy weights times the actual rates of return in these asset categories to derive an endowment specific return on the risky part of the portfolio.
Model 1 in Table 6 shows the slope coefficient of a fixed effects (with respect to endowment) panel regression. The coefficient is positive and statistically significant. Model 2 deletes the fixed income component and therefore only measures investment opportunities as the weighted average of the equity class returns. We find here that the coefficient is still positive and significant and the R 2 is greater.
Model 3 measures investment opportunities as the difference between the equity related weighted average and the fixed income average. We find that the relationship remains significant and positive.
Finally, in model 4, we measure the LHS variable in the regression as the difference between the actual equity-related asset allocations and the fixed income allocations. This model embodies an assumption therefore that the alternative asset allocation 1 − a i t is a combination of both cash and fixed income.
Again the coefficient is statistically significantly positive. Therefore we believe on the basis of these tests that asset allocation weights vary with respect to investment opportunities in a dynamic way that is consistent with our measures of investment opportunities.
(1) risky fraction (2) risky fraction (3) stocks minus bonds (4) Model (1) regresses the fraction of risky assets of each and endowment and each year on endowment/year specific investment opportunities by means of a endowment fixed effect panel regression. Endowment specific investment opportunities are modeled by a weighted average of asset class specific investment opportunities. As weights we use the time series average of observed endowment specific asset class weights (policy portfolios). Investment opportunities for domestic equities are defined as dividend yield plus repurchase yield of the S&P 500 , whereas for international equities we use dividend yields and repurchase yields of the Eurostoxx, the Nikkei and the FTSE. For fixed income we use the spread between yields on Baa and Aaa rated bonds. Model (2) regresses the risky asset fraction on investment opportunities excluding the credit spread. Model (3) regresses the difference of the equity allocation and the fixed income allocation on the difference of investment opportunities of equities and fixed income. Model (4) regresses the difference of the equity allocation and the fixed income allocation on investment opportunities for stocks only. T-stats are presented in parantheses below the coefficients.
Substitution Effect
Our main predictions concerning the substitution effect of donations are that for endowments with a greater link between returns and donations, there should be a lower allocation to risky assets. Furthermore, when the feedback effect is measured with respect to endowment returns, as compared to asset returns, the substitution effect is less. As with the previous test we adopt several models of the incidence of substitution to handle robustness. The form of the linear regression test is as follows:
where d i is a donation variable representing the relation between donations and returns such as in equation (8), equation (9), equation (17) and equation (18). The results of our linear estimation are reflected in Table 7. This table contains Table 7 contain the corresponding regressions where the d i variables are determined from either the correlation coefficient (model 4), or else from linear regressions on risky asset returns. We get basically the same results; there is a significant substitution effect. It is worthwhile noting that the magnitude of the substitution effect is only about half that of the model with endowment returns. This result is opposite to that predicted by our theoretical model in which the substitution effect is lower for donations related to endowment returns instead of its constituents. One possibility for this contrary result is that we have error in our measure for endowment risky asset returns while the actual endowment return is measured exactly. This can bias downward the substitution effect.
endowment returns risky asset returns Table 7 : Substitution Effect This table illustrates the effect of donation risk on asset allocation. Model (1) uses the correlation of year on year changes in donations with returns as a proxy for the donation risk of each endowment. Model (2) uses the coefficients of regressions of donation fractions on returns for all endowments but using data in years of positive returns only, consistent with our theory. Model (3) does the same as Model (2) but without filtering the returns. In all models the fraction of risky assets is regressed on an intercept and the respective measure of donation risk. Models (4), (5) and (6) are the analogous results for the risky asset returns. The analysis is set up as a stacked regression using all available endowments. T-stats are presented in parantheses below the coefficients.
Size Effect
We now investigate the size effect empirically with respect to asset allocations and spending. Based on the simulations in section 3 we infer that asset allocations should be positively impacted by size for most of the relevant range in the investment opportunity variables. Results are presented in Table 8 .
Model 1 therefore contains the regression results of an estimation of
while the spending estimations are given as in
We see that indeed asset allocations to risky assets are greater for larger endowments.
As far as spending is concerned, we find that the amount and rate of spending should be greater for larger endowments, at least over the middle range of investment opportunities, where most outcomes are found. Model 2 uses the logarithm of spending amounts, while model 3 uses the logarithm of spending rates. Both models 2 and model 3 feature a positive and significant size impact on spending, as predicted by the theory.
risky asset fraction log spending log cons./wealth ratio intercept 0.8576*** -4.5962*** -4.6840*** (31.938) (-17.787 ) (-19.162 Table 8 : Size Effect This table illustrates the effect of size on asset allocation and spending. Model (1) regresses the fraction of risky assets of each and endowment and each year on log endowment size and an intercept. Model (2) regresses the log of spending on log endowment size and an intercept. Model (3) regresses the log consumption to wealth ratio on log size and an intercept. The analysis is implemented by means of a stacked regression using all available endowments. T-stats are presented in parantheses below the coefficients.
Multivariate Analysis
We have found support for the theoretical model in our previous three subsections using univariate analysis. We now subject the theory to a stricter test by using multiple influences of variables of interest to our theory on asset allocation and spending. Our results are presented in Tables 9 and 10 (2), (5) and (6) relate endowment asset allocation (the fraction of risky assets) to several regressors and their interactions. Models (3), (4), (7) and (8) use the log consumption to wealth ratio (the spending rate) as an additional dependent variable.
There is considerable robustness in our tests of the dependence on asset allocations to various models in Table 9 . The size effect almost always shows up very positively and statistically significant.
Investment opportunities are also positive and significant in some of the specifications. However the interaction between investment opportunities and size is negative. This implies that there is less varia-tion over the investment opportunities cycle for large firms as compared to small firms. This is consistent with our theoretical analysis. We also find that the interactive effect between spending rates and investment opportunities is negative. This implies that endowments with high payout rates have lower elasticities in varying their risky asset exposures. What is notable is that the donation variable seems to be less important than many of the others. Of course this might be due to the fact that donations influences other variables in the model and the effects are picked up better by these. Table 10 reverses the regression framework, where now asset allocation and other variables are used to explain spending. As before, we find that size is the most reliable indicator of spending rates and that the impact is negative, even controlling for all other effects we can observe. Recall that in our theory investment opportunities exhibited a nonlinear relation to spending. We find that the linear part of the regression on investment opportunities is insignificant as expected; however the nonlinear part is concave, rather than convex. This has the implication that the elasticity of intertemporal substitution is greater than one. We also find some qualified support for an interaction between asset allocation and investment opportunities such that spending rates decrease with higher asset allocations and better investment opportunities. We also get a positive relation between donation risk and good investment opportunities and the spending rates of university endowments. In other words, universities maintain their spending even with good investment opportunities for substantial donation levels.
Illustration
In order to illustrate our proposed method of integrating optimal asset allocation and spending into a model with endogenous donations, we implement a backtest of our model over the period from 1972-2012 for a representative university endowment. In keeping with the simulated model, we use the VAR model estimates from Campbell and Viceira (1996) , which were estimated over a much longer historical period which terminated in 1993. 6 We use annual total returns on a value weighted equity index from CRSP as our risky asset. The risk free rate is represented by 12 months treasury bills, which is obtained from the board of governors of the federal reserve system. To model the state variable x representing investment opportunities we use the logarithm of the 12 month trailing dividend yield from CRSP and enhance it by a 12 month trailing log share repurchase yield (total share repurchases over the last 12 months divided by the year-end market capitalization of the equity index). Share repurchases are included, since they contribute substantially to returns to shareholders since the mid-eighties; see for instance Fama and French (2001) . Aggregate share repurchase data from 1972 to 2000 comes from Grullon and Michaely (2002) , who base their estimates on Compustat data; we extend it to 2012 using Bloomberg data for S&P 500 repurchases as a proxy. Because we do not have direct data on donations, we use equations (19) and (20) setting ε t = 0.
To backtest our model we evaluate the value function for ρ = 4 and ψ = 0.1 using the state variable just described. This provides us with the optimal allocation to risky assets and optimal spending. (1) relates the fraction of risky assets for endowments to investment opportunities, endowment size, interaction terms using both of them and interaction terms including donation risk. Model (2) uses only a subset of regressors. Models (5) and (6) repeat the same exercise but using risky asset returns instead of endowment returns where appropriate. Models (3), (4), (7) and (8) also include the log consumption to wealth ratio as an regressor. All Models are estimated as panel regressions using endowment fixed effects. T-stats are presented in parantheses below the coefficients.
endowment returns risky asset returns (1), (2), (5) and (6) relate the log consumption to wealth ratio of our sample of endowments to a set of regressors. Models (3), (4), (7) and (8) also include the asset allocation (an interaction terms thereof) as an regressor. All Models are estimated as panel regressions using endowment fixed effects. T-stats are presented in parantheses below the coefficients.
We allocate funds accordingly and observe returns. The black solid line in Figures 8 and 10 illustrates the resulting wealth accumulation in the presence of endogenous donations. The first figure assumes donations depend on risky asset returns, whereas the latter assumes donations depend on total endowment returns. We compare this wealth accumulation with three heuristic based consumption portfolio rules. All of them use a static 60:40 allocation to risky assets and treasury bills. The Merton rule (red line) applies a constant target spending rate to current wealth, while the moving average rule (blue line) applies this target spending rate to a three year moving average of wealth. The hybrid rule (green line) spends 30% of last years spending plus 70% of the target spending rate applied to current wealth. For comparability in the case of all these heuristics the target spending rate is chosen to be 6.8%, which corresponds to the average spending rate of our optimal model. This figure illustrates the backtested wealth accumulation using the asset allocation and spending according to our model optimum (black solid line) and compares it to heuristic based rules. We use our base parameter set for the optimal allocation. All heuristic based rules implement a static 60% allocation to risky assets and a target spending rate of 6.8%. The heuristic based rules are a Merton type rule, a moving average rule and a hybrid spending rule. The backtest period is 1972 to 2012. We use total returns on a value weighted index from CRSP and the 12 month treasury bill rate as the risk free rate. Investment opportunities are approximated by the log dividend yield on the CRSP index plus a share repurchase yield. For all lines plotted in this chart we assume donations to depend on risky asset returns.
Starting at a normalized wealth level of 1.0, Figure 8 shows that the optimized rule finishes with the highest wealth accumulation over time. There are only minor differences between the heuristic based rules. The mean allocation to risky assets in the optimized model over the backtest period is 59% with a standard deviation of 56%, which highlights the need for dynamic asset allocation and spending rules.
Figure 9: Backtest -Spending Levels for Risky Asset Donations This figure illustrates the backtested spending levels using the asset allocation and spending according to our model optimum (black solid line) and compares it to heuristic based rules. We use our base parameter set for the optimal allocation. All heuristic based rules implement a static 60% allocation to risky assets and a target spending rate of 6.8%. The heuristic based rules are a Merton type rule, a moving average rule and a hybrid spending rule. The backtest period is 1972 to 2012. We use total returns on a value weighted index from CRSP and the 12 month treasury bill rate as the risk free rate. Investment opportunities are approximated by the log dividend yield on the CRSP index plus a share repurchase yield. For all lines plotted in this chart we assume donations to depend on risky asset returns. Figure 9 shows the corresponding spending levels over time. Importantly, our model achieves higher absolute spending levels than all of the heuristic based rules for virtually every time period.
Figure 10: Backtest -Wealth Accumulation for Donations related to Optimal Portfolio This figure illustrates the backtested wealth accumulation using the asset allocation and spending according to our model optimum (black solid line) and compares it to heuristic based rules. We use our base parameter set for the optimal allocation. All heuristic based rules implement a static 60% allocation to risky assets and a target spending rate of 6.8%. The heuristic based rules are a Merton type rule, a moving average rule and a hybrid spending rule. The backtest period is 1972 to 2012. We use total returns on a value weighted index from CRSP and the 12 month treasury bill rate as the risk free rate. Investment opportunities are approximated by the log dividend yield on the CRSP index plus a share repurchase yield. For all lines plotted in this chart we assume donations to depend on endowment returns.
Figures 10 and 11 present backtested wealth and spending levels for the case where donations are endogenously determined by endowment returns instead of risk asset returns. The results remain qualitatively the same. The mean allocation to risky assets is 70% in this case with a standard deviation of 56%.
Figure 11: Backtest -Spending Levels for Donations related to Optimal Portfolio This figure illustrates the backtested spending levels using the asset allocation and spending according to our model optimum (black solid line) and compares it to heuristic based rules. We use our base parameter set for the optimal allocation. All heuristic based rules implement a static 60% allocation to risky assets and a target spending rate of 6.8%. The heuristic based rules are a Merton type rule, a moving average rule and a hybrid spending rule. The backtest period is 1972 to 2012. We use total returns on a value weighted index from CRSP and the 12 month treasury bill rate as the risk free rate. Investment opportunities are approximated by the log dividend yield on the CRSP index plus a share repurchase yield. For all lines plotted in this chart we assume donations to depend on endowment returns.
Conclusions
It is well known that while average university endowments in the US are characterized by an average 60:40 percent equity to bonds ratio and about 5% spending per year, there is significant cross-sectional heterogeneity in asset allocation policy and strategic weights, and significant time-series variation in spending policies as well. We have developed a new model for university endowments, building on the standard intertemporal consumption-portfolio problem by adding endogenous donation inflows.
The purpose of this research is to study the impact on optimal university asset allocations, spending rates and to see how this is impacted by the nature of the donations process, the parameters describing university preferences and the endowment size. We have found that the usual substitution and wealth effects can be reversed, especially with respect to either very bad or good investment opportunities, as exemplified by smaller endowments in particular.
In contrast to the Campbell and Viceira (1999) model with zero donations, we observe the allocation to risky assets to be non-linear in expected risk premia. If donations depend positively on risky asset returns this can be explained by a substitution effect; donations implicitly increase risky asset holdings of the university, therefore reducing the optimal allocation to stocks. If investment opportunities are very good, though, endowments allocate substantially more to risky assets since the non-negativity constraint of donation inflows resembles an option to the university. The substitution effect is attenuated if expected risk premia are very low (negative) as expected donations converge to zero. Alternatively, if donations are positively associated with endowment returns the substitution effect vanishes. For low expected returns, endowments are more conservative in shorting the market as the expected utility gain from the combined effect of still possible donation inflows and portfolio returns is higher than in the original model without donations. Endogenous donation inflows give rise to an upward shift in the log consumption-to-wealth ratio. Moreover, optimal spending exhibits a wealth dependent minimum, which is especially true if donations depend on endowment returns. The optimal allocation to risky assets is mainly driven by variations in the parameter of risk aversion, while changes in the elasticity of intertemporal substitution have a strong effect on the log consumption-to-wealth ratio. Endowment size seems to correspond to a variation in the asset allocation profiles, as larger endowments have less of a convex asset allocation relation with respect to investment opportunities. Similarly, the spending rate of larger endowments is less volatile in terms of investment opportunities as compared to smaller endowments, especially when donations depend on the return to the optimal endowment portfolio.
We also look at US university endowment practices in recent years. We find support for our model incorporating time varying investment opportunities. Building in a model of donations inflows and its correlation with endowment returns and risky investment opportunities shows that universities behave on average as though a substitution effect between donations and investment returns takes place.
Larger endowments do act in a more sensitive way to investment opportunities and donation flows as predicted by our model for the majority of investment states. Although larger endowments tend to spend a lower and less variable portion of their wealth, more donation intensity can permit higher spending rates.
While our paper contributes to the literature on endowment management by adapting the widely cited model of Campbell and Viceira (1999) to an endowment framework, there are various dimensions along which our work could be extended. Including several asset classes, most importantly alternative assets, would be a desirable extension relevant to endowment funds. Moreover, analyzing the impact of illiquid asset holdings on endowment spending might also be an interesting avenue for research. Modeling the interaction across universities as they compete with each other for reputational advantage would be a further useful extension, e.g., as in Goetzmann and Oster (2012 
A Proof of Homogeneity of Value Function with Endogenous Donations
The university's utility is
where θ = 1−ρ 1−ψ −1 , δ is the discount factor, ρ is the coefficient of relative risk aversion, C t is consumption at time t , ψ is the elasticity of intertemporal substitution and α t is the allocation to the risky asset at time t . We prove this result in general for any nondecreasing measurable function of rates of return, f (·), depending only on contemporaneous values of the state variable, x . Hence, let the donation process is given by
and the agent's budget constraint
then the value function is proportional to wealth
To see this, divide equation (24) through by W t :
.
Using the budget constraint (25) note that
Hence,
(1−ρ)
Thus the following expression is obtained for utility per unit of wealth
Therefore it is sufficient to model the state space in one dimension, x t , with decision variables α t and C t W t (spending rate).
B Verification of the Solution to Campbell-Viceira
We verify that our numerical procedure replicates the results of Campbell and Viceira (1999) for the
To verify our procedure we set d in equations (17) and (18) equal to 0, thus eliminating the effects of donations. Setting ρ equal to 4 and ψ equal to 0.1 we evaluate the value function to get the optimal values of α t , C t /W t and consequently the optimal log consumption-to-wealth ratio of our numerical solution. Conditional moments of the risky asset returns process are derived according to the computation in Appendix C. To obtain the corresponding levels of the control variables of the analytical solution, we use the set of optimal parameter values {a o , a 1 , b 0 , b 1 , b 2 } in equations (21) and (22) as reported in Campbell and Viceira (1996) . 8 7 Campbell, Cocco, Gomes, Maenhout, and Viceira (2001) also provide a numerical solution to the Campbell and Viceira (1999) framework. They use a different procedure for the optimization, namely the Newton-Raphson algorithm (a fullNewton method), whereas we use dynamic programming and BFGS.
8 Note, however, that the parameters reported in Campbell and Viceira (1996) are normalized so that the intercepts of the optimal policy functions correspond to the optimal α and log consumption-to-wealth ratio when the expected discrete risk premium is zero. This involves a straightforward transformation of coefficients as explained there. Similarly, Figure 13 illustrates the numerical solution against the approximate Campbell-Viceira solution for the spending rate. As before the Campbell-Viceira model is illustrated in red color, while our nonlinear solution is given by the blue curve -with the best quadratic fit in green. We find that the Campbell-Viceira solution slightly understates consumption in relation to wealth for small values of x while overstating the precise solution for very high values.
We further validate our method by comparing means and standard deviations of the optimal control variables for both the numerical solution and the analytical solution. Furthermore we analyze average correlations of the optimal control variables for the two approaches over all simulated paths.
Finally, we use the simulated paths of x and the numerically optimized control variables to estimate the coefficients of equation (21) in a linear regression setup as well as fitting the coefficients in equation (22) quadratically.
The descriptive statistics provided in Table 11 show that the levels of the optimal α and consumptionto-wealth ratio are very close. Furthermore, the correlation between the two methods is close to one for both control variables. This suggests that our numerical procedure is indeed able to reproduce the results of the approximate analytical solution in Campbell and Viceira (1999) sufficiently well. Table 12 compares our estimates (D) of the optimal coefficients of the portfolio policy functions (equations (21) and (22)) to those of Campbell and Viceira (1996) (21) and (22)) in Campbell and Viceira (1999) , abbreviated by CV, while the second row shows the corresponding figures using our numerical optimization procedure (D). We report the 25% and 75% quantile, mean, median, standard deviation (sd.) and correlation (cor.). This table provides the optimal coefficients for the portfolio policy functions. a 0 and a 1 are the coefficients of the linear relation between the allocation to the risky asset and expected risk premia, whereas b 0 , b 1 and b 2 are the coefficients of the quadratic relation between the log consumption-to-wealth ratio and expected risk premia. The first row provides the coefficients taken from Campbell and Viceira (1996) , abbreviated by CV, while the second row shows the coefficients resulting from regressions of the numerically optimized control variables on expected risk premia (D).
C Derivation of the Conditional Returns Process
Variables known at time t are: x t and r t , whereas at time t + 1 we know: x t +1 and r t +1 To fit the appropriate return process into the dynamic programming approach we need to calculate the conditional distribution (r t +1 , x t +1 )|(r t , x t )
From the assumptions set up in section 2 we know that
(r t +1 ) = ( (r t +1 |x t )) = (x t + r f ) = µ + r f σ 2 (r t +1 ) = σ 2 (x t ) + σ 2 (u t +1 ) = σ (1 − φ) 2 using x t = (1 − φ)µ + φ · x t +1 + η t Then the multivariate distribution of (r t +1 , x t ) is r t +1 And so the conditional distribution of (r t +1 , x t +1 )|(r t , x t ) is given by
which is independent of r t , hence x t is sufficient at t to know about the conditional distribution of (r t +1 , x t +1 ), thus (r t +1 , x t +1 )|(r t , x t ) = (r t +1 , x t +1 )|(x t )
